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The paper presents  a parameter plane i n t e r p r e t a -  
t i o n  of t h e  Popov i n e q u a l i t y  which appears i n  
absolu te  s t a b i l i t y  a n a l y s i s  of nonl inear  systems. 
The major advantape of t h e  proposed technique over 
a convent ional  frequency domnin i n t e r p r e t a t i o n  of 
t h e  i n e q u a l i t y  l i es  i n  the f a c t  t h a t  t h e  i n t l u -  
ence of sys ten  parameters on t h e  absolu te  
s t a b i l i t y  can b e  considered by a straipht+'orward 
procedure. 
a v a i l a b l e .  

A penera1 conputer p r o r r a r  i s  readi ly  

In t roduct lon  

The problen o f  absolu te  s t a b i l i t y  i n  a 
c e r t a i n  c l a s s  or rionlinenr s y s t e m  was introduced 
b.v P .i , iJur 'c it i ici  V.Ii. ~ u s t r i i ~ o v  [I] . :Tar ious  
s o l u t i o n s  of t h e  problen on t h e  b a s j s  of t h e  
Liapunov d i r e c t  method. were obtained by Lur'e and 
rany o t h e r s  [ 3 ] .  mhe s o l u t i o n s  a r e  of ten  r iven  
f o r  r o d i f i e d  m d  extended vers ions  o f  t h e  absolute  
s t a b i l i t v  nrobler  vhich i s  usua l ly  r e f e r r e d  t o  9s 
t h e  problen  of Lur'e. 

As d i s t i n c t  prov t h e  o ther  s o l u t i o n s  t o  the 
I u r ' e  probleF, V.I.'. Popov [ 3 ]  expressed t h e  
s u f f i c i e n t  condi t ions f o r  absolu te  s t a b i l i t y  i n  
terns of t h e  frequencc response of t h e  l i n e a r  
part of t h e  systen.  "his r e s u l t e d  i n  a si-PIC! 
and convenient nrnphical  i n t e r p r e t a t i o n  comcn i n  
t h e  l i n e a r  syste.1 s n n l y s i s .  
has been "ur ther  extended t o  vorious ilrportarit 
n rohlers  of nonl inear  system ~ n a l p s ?  S. "'his 
paper will be based ubon t h e  resul ts  0' V . A .  
Yakubovich [ h  ,!I ] "R.Z. "syykin and P , p ' ,  !!niircv 
[L,?], aiici i'.I. 

In  t h i s  paper, a s o l u t i o n  of t h e  T m ' e  
probler  w i l l  be  pLven by r e f o r n u l e t i n n  t h e  popov 
r e s u l t s  i n  t h e  p a r a r e t e r  plane [9-13]. 
var ious  a p p l i c a t i o n s  o f  t h e  p a r m e t e r  plane 
re thod  u t i l i z e d  t h e  approximate methods of t h e  
han?onic l i n e a r i z a t i o n  ( d e s c r i b i n p  functior.) . "he 
obtained results indica ted  a c e r t a i n  s u n e r i e r i t y  
o f  t h e  parameter p lane  a n a l y s i s  over t h e  conven- 
t i o n a l  techniques.  
r e c e n t l y  t o  t h e  problem of I u r ' e  ufiinn a concept 
of t h e  "complex pain" [ lh- l7] .  This  concept 
produced some advantapes i n  comparison t o  t h e  
frequency technique used i n  t h e  popov so lu t ion .  
Another approach [ l o ]  u t i l i z e d  t h e  p r o p e r t i e s  
of t h e  double-real-root l o c i  [9,10] i n  t h e  para- 
meter p lane  and o f f e r e d  n promise t o  achieve new 

mhe nopov sol i l t ion 

tiry wid t,!?. 7t:iiej- [fi:. 

Co far ,  

The method has been appl ied  
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s i g n i f i c a n t  r e s u l t s  i n  so lv ing  t h e  absolu te  
s t a b i l i t y  problem i n  t h e  parameter plane. 
approach is veneral ized here  and then appl ied  t o  
var ious  aspec ts  of  t h e  absolu te  s t a b i l i t y  a n a l y s i s  
o f  nonl inear  systems. The main advantape of t h e  
proposed approach i s  t h a t  it o f f e r s  another  
dimension i n  t h e  n a p h i c a l  i n t e r p r e t a t i o n  of t h e  
Popov condi t ion.  
in f luence  of system parameters on t h e  absolu te  
s t a b i l i t y  i n  a c l a s s  of nonlinear  systems. Tn 
a d d i t i o n ,  t h e  use  of Yk and Vk func t ion  introduced 

i n  [19] allows R convenient a p p l i c a t i o n  o f  d i p i t a l  
computers t o  t h e  proposed s t a b i l i t y  ana lys i s .  

This  

This  a l lows a s tudy of  t h e  

The Popov I n e q u a l i t y  

I n  t h e  theorems f o r  absolu te  s t a b i l i t y  based 
upon t h e  frenuency domain s o l u t i o n ,  t h e  "opov 

i n e q u a l i t y  v a r i e s  with t h e  problem s p e c i f i c a t i o n s  
involved, Several  o f  t h e  b a s i c  f o m s  w i l l  be 
reviewed. 

absolu te  s t a b i l i t y  i s  based upon t h e  i n e q u a l i t y  
[ 4  (6.71 

+ e ~ ~ ~ , l i t y  is e s s e z t i - l .  'l'h~ ?e*, sf' t h e  Dnnn7.r -r- 

I n  R f r e e  dynamic s y s t e v ,  t h e  exponent ia l  

f o r  a l l  r e a l  01 0 

where C ( s )  i s  t h e  t r a n s f e r  func t ion  of t h e  l i n e a r  
p.rt of t h e  sys ten ,  

and s = a+ Jw. 

forced system depends on t h e  v e r i f i c a t i o n  of t h e  
i n e q u a l i t y  [ 4 1  

Exponential s t a b i l i t y  o f  t h e  s o l u t i o n  i n  a 

( 3 )  1 
k n(k,a,w) I - + R e  C(a+ jw)  > 0 

f o r  a l l  r e a l  w 0 

The o r i r i n a l  Popov c r i t e r i o n  [3]  f o r  f r e e  
dynamic systems which i s  r e l a t e d  t o  i n e q u a l i t y  1 
when o = 0 can b e  improved by u s i n p  t h e  i n e o u a l i t y  
[5,81 

n(k,p,q,w)' E $ + Re(1 + pw' + jqw)c(Jw) > 0 ,  

f o r  a l l  real  UFO 
( 4 )  



In  general ,  t o  achieve t h e  absolu te  s t a b i l i -  
t y  it i s  necessary t o  choose parameters k ,  p,  q, 
o r  a system p a r m e t e r  i n  t h e  l i n e a r  p a r t  of t h e  
system so  t h a t  t h e  correspondirip i n e q u a l i t y  is  
s a t i s f i e d ,  This  choice can be  advmtaPeously 
made i n  t h e  parameter plnne as is shown i r i  t h e  
fol lowin8 s e c t i o n .  

Parameter Plane Analysis 

To obta in  t h e  geometric i n t e r p r e t a t i o n  of 
t h e  Fopov i n e q u a l i t y  i n  t h e  p a r m e t e r  plane,  it 
is necessary f i r s t  t o  observe t h n t  t h e  above 
i n e q u a l i t i e s  can he represented by 

n ( u , ~ , a , w )  > O ,  f o r  a l l  r e a l  w 2 0  ( 5 )  

where a and 6 represents  a pair  o f  v n r i e b l e s  
amonp k ,  p ,  q, or sone p a r m e t e r  i n  t h e  t r a n s f e r  
funct ion C ( s )  of t h e  l i n e a r  p a r t  o f  t h e  systen.  

may be r e i r r i t t e n  as 
If u i s  assured as cons tan t ,  ineo.ua1it.r 5 

n ( a , f i , w )  > 0 ,  t o r  r e a l  w L O  (6) 

Case ( 6 )  will be considered Cirst. 
Takinr equal i ty  i n  (6). one obta ins  cqiintion 

n(a,R,w) = 0 ( 7 )  

which f o r  a s p e c i f i c  value of w deterr-ir:es n 
curve C i n  t h e  ]mr:meter af l -yhne.  '#'his sunrc 
( i n  Post  cases  a s t r a i r h t  l i n e )  divic!es t h e  
ae-rlnne i n t o  re r ions  n > 0 and TI < 0. "hen, t o  
r ie terr ine t h e  r r r i o n  P ( T  > 0)Cor d l  r e a l  w 2 C ,  
it i s  necessary t o  r c c s t r u c t  the  envelcre Y o r  e l l  
t h e  ciirves C obtair,ed v r r i c u s  values of w , 
Existence of an envelope i n  t h i s  cose i s  assureci 
by t h e  f a c t  t h a t  t h e  t r a n s f e r  func t ion  C ( s )  is  a 
r n t i o n a l  func t ion  of t h e  v a r i a b l e  s .  1201 

A.ssurir.r t h a t  m envelone e x i s t s ,  l e t  *"( a,B) 
be t h e  poin t  o f  tancency o f  1. with t h a t  one o f  t h e  
curves C which corresponds t o  a c e r t a i n  value w . 
The q u a t i t i e s  a and D a re  unknown funct ions  of 

which s a t i s f y  equation 7. Tn order  t o  de te rn ine  
these  func t ions ,  it is  necessary t o  use t h e  f a c t  
t h a t  t h e  t m p e n t s  t o  t h e  two curves E and C 
coincide for a l l  values of w , '"hen, a necessary 
condi t ion for tanpency i s  

d6 da 
dw dW 
6U 6B 

- - 
( 9 )  - = -  

where dufdw and dB/dw a r e  t h e  d e r i v a t i v e s  of t h e  
unknown funct ions  Q and J, of equat ions 8 ,  and 6 n  
and 6 8  a r e  two q u a n t i t i e s  propor t iona l  t o  t h e  
d i r e c t i o n  cos ines  of t h e  tannent  t o  t h e  curve C. 

f o r  t h e  p a r t i c u l a r  curve C considered,  w e  have 
Since w i n  equation 7 has a constant  value 

( 1 0 )  
an an  - 6 a + -  6 B =  0 aa as 

which de tern ines  t h e  tanpent  t o  C.  Again, t h e  
two unknown funct ions  n = $ ( w ) ,  B = ( ~ ( w )  s a t i s f y  
t h e  eouat ion 7 a l s o ,  where w i s  now t h e  indepen- 
dent v a r i a b l e .  Therefore ,  

(11) 

o r ,  combining equat ions 7,  9 ,  10,  and 11, 

(12)  
al l  l l (n ,R,w) = 0, 'it; = 0 

t h e  two unknown funct ions  (y. = @ ( w ) ,  F = $ ( w )  are 
s o l u t i o n s  of eouat ions 12. Eence, t h e  ecruatjon 
of t h e  envelope, i n  cnse an envelope e x i s t s ,  i s  
t o  b e  found by e l i r i n a t i n r  t h e  v a r i z % l e  w f r o r  
eouat ions 12. 

e l i r i n a t i n r  (I) froln ( 1 2 ) ,  and l e t  us t r y  t o  
determine whether o r  not  t h i s  eouat ion r e p r e s e n t s  
an  envelope 09 t h e  aiven curves. Tet C be  t h e  

p a r t i c i i l a r  curve which corresponds t o  a value  (11 

and l e t  b ' o ( ~ o , f  ) be t h e  poin t  i n t e r s e c t i o n s  

o f  t h e  two curves 

1,et ?:(n,B) = 0 be t h e  equat ion obtained by 

0' 

all l l ( n P w ) - C ,  - =  r) 
" 0  a Iu 

( 1 3 )  

701- w = w 

and 

f r w  eouat ions F one 1ia.s n = o(o lo )  
0' 

O 0  = $(I,' ) s o  t h a t  

"'his equat ion taken i n  connection with 
eouat ion 10 shows t h a t  t h e  tanpent  t o  t h e  curve 
C coincides  with t h e  t a n r e n t  t o  t h e  curve 

clescrihed by t h e  poin t  I. '(n,P), a t  least  unless  
a n / k  andk/aU are both zero ,  t h a t  i s ,  un less  t h e  
poin t  v '  ( n  ,p ) is  a s i n r u l a r  n o i n t  fo r  t h e  curve 

C . I n  penera l ,  it fol lows t h a t  t h e  curve r ( a , R ) =  

= C i s  convoseci oE two a n a l y t i c a l l y  d i s t i n c t  p e r t s L  
one of which is t h e  tnie envelope. while  t h e  o t h e r  
is  t h e  locus  09 t h e  s i n n u l a r  p o i n t s .  

I n  t h e  cases  o f  t h e  Popov i n e n u a l i t y  Tention- 
ed above, r ( s )  i s  a r a t i o n a l  funct ion of s ,  and 
n(n,e,w) = 0 i s  8 Fo1vnonia.l of denree 2n i n  (I) . 
?or any s p e c i f i c  p n i r  or values  of a and R t h e  
eouat ion  

0 0 0  

where % = %(oo,Bo) w i l l  have nenere l ly  2n 

d i s t i n c t  roo ts .  
E'(a,fl) pass ,  i n  veneral ,  2n d i f f e r e n t  curves  of 
t h e  Piven family. But if t h e  poin t  V l i e s  on t h e  
curve F(a,B) = 0, t h e  equcrtions 12 a r e  s a t i s f i e d  
s inul taneous ly ,  and eouat ion 1 5  f o r  t h e  chosen 
s p e c i f i c  va lues  o f  n and R has  a double r o o t .  
only real va lues  o f  w are considered as it i s  
r e a u i r e d  i n  t h e  "opov i n e o u a l i t v ,  T(n,P) = 0 

Throuph t h e  correspondinp p o i n t  

'If 



. . "  

r e p r e s e n t s  t h e  double-real-root-loci [9,10] of 
equat ion 15. 

T h i s  r e s u l t  can be r e a d i l y  extended t o  t h e  
cases  when (T i s  not a constant  i n  t h e  popov 
i n e q u a l i t y .  Then it may becone necessary t o  f ind 
t h e  envelope o f  a f m i l y  of curves 

n(a,R,u,w) = 0 (1) 

whose equat ion involves  two v a r i a b l e s  u and 0) 
which themselves s a t i s f v  a r e l a t i o n  of t h e  form 

e(o,b,)  = o (16) 

"'his case can bc t r e s t e d  i n  e s s e n t i a l l y  the  
same way es t h e  previous one. By t h e  r u l e  
obtained above, we shoiilii j o i n  with t h e  piven 
eouat ion  t h e  eouat ion obtained b!r equat inp t o  
zero t h e  deriv?.tive of i t s  l e f t  hnnd mcnber with 
r e s p e c t  t o  n . Thus ,  

(17)  

where L i s  thou-ht of a s  n. tunc t icn  o r  u n e ~ i n e d  
L:J (16). ]!ut f rov  (16) ve have . r h o  

(IC) 

which t o r e t h e r  Triih enuzt ions 1 nr?d 16 d e t c p i n e  
t h e  requi red  cnvelore. "he perr:l.mters u and w 
w y j  be e l i r i n c t e d  hctween these  t h r e e  enun tCms  
i f  des i red .  

Co-qiii t er Applic a t  ion 

T t  i s  of i n t e r e s t  t o  ohta jn  t h c  ?.hovr 
r e l c t i o n s  i n  a convenient f o r  *or comyiiter 
prorrarminm. rons ider ,  f o r  e x m y l e ,  ineouctlity 1, 
where t h e  func t ion  r = C ( s )  is  R r a t i o n a l  %.ncticn 
o f  s = o+ j t o ,  r r o n  ( 2 ) .  one ) ins  

where 
X i  n 

n , = l  h k S s  ii = I  h V  
k=O k = O  2 1. L 

(20)  

* 
This  case  occurs ,  ?or example, when nonl inear  

sa!yAed-data s y s t e m  ere considered,  where t h e  

equat ion 16 becones o2 + w2 = p2,  0 < p < 1 , 
It i s  a l s o  r e l 8 t e d  t o  t h e  case o f  nonl inear  
continuous systems i n  which a d w p i n z  c o e f f i c i e n t  
5 = -u/w is  s p e c i f i e d .  

and Xk = s(o,w) ,  

defined i n  reference 20 as 

yk = vk(o,w) a r e  func t ions  

k 

v=o 

"unctions X nnd '' 
k k 

from t h e  recurrence 

xk+l - 2x1'1, + 

V l.+l - 22 v + 
l k  

where X E 1, X = o 1- 

can reaciily be ca lcu la ted  

formulzs 

It l / k  and q ere considered i r ?  (1) a s  t h e  
parameters a and , r e s y e c t i v e l y ,  ?or u = const .  
equat ions 1 2  hecome 

Ua + VI3 + 1' = Q 

irhere 

v = w(l?2c1 - F r: ) 1 2  ( 2 4 )  

'! = E(lcl + r! c 2 '2 

,md I:' = dl!/dw, 7." = dV/rlw, 1,'' = d V / B w .  "hese 
d e r i v a t i v e s  can be  c o ~ p u t e d  r e a d i l y  by t h e  use 
of t h e  recurrence r e l a t i o n s h i p  

(25 )  

where 3; mnd "' a r e  d e r i v a t i v e s  of Zk and Yk with 

respec t  t o  w . F m a t i o n s  25 e r e  obtajned by 
d i f f e r e n t i a t i n e  recurrence formulas 22 with 
respec t  t o  w . 

Now, a peneral  computer pionram can he 
e a s i l y  ohtained f o r  p l o t t i n g  t h e  envelope 
E(a,P) = 0 by simply so lv inn  two l i n e a r  equat ions 
92 Cor a und 6 every t i m e  t h e  va lue  OF w i s  
chanved. On t h e  b a s i s  of t h e  above recur rence  
r e l a t i o n s h i p s ,  t h e  p r o n r m  can be w r i t t e n  f o r  

-f P ! ~ !  avnnr+aa -I-=- - - - - ir the ? n n i i r p -  rL------ 

t i o n s .  Then, t h e  proprum f o r  s p e c i f i c  s i t u a t i o n s  
needs only t h e  s t a r t i n p  nuTerica1 va lues  o f  t h e  
c o e V i c i e n t s  %, bk, and o . 

1: 

I..: ..be..+ ....ae.. 
..*P .I-"" .--* 
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If t h e  i n e q u a l i t y  3 is considered with 

G ( s )  = C ( s )  + e D ( s )  ( 2 6 )  
B ( S )  

where 8 i s  an ad jus tab le  system p a r m e t e r ,  it 
i s  necessary t o  solve equat ions 23 i n  which 

2 u = H + n2 
V = BIDl + R2D2 

1 

(27) 

V = H C  + E C  
1 1  2 2  

and 

I:xmple 

Consider t h e  i n e m a l i t y  3 with 

and a = l / L ,  o = 0. J t  is  necesszry t o  choose 
' t h e  1ar;rmeter fl so  t h a t  n i s  a t  n i n i m p .  

The parar?cter plane c,ja-r?nl i s  plottec' on 
v i r .  1 and the re r ion  P ( T T > O )  i s  d e t e F i : > e t  
fol1or;ir.v t h e  envelo1,e ' f r o r  ? t c  d .  

21 +'or G = 0. Clear ly ,  t n e  r jnimur of n i s  
obtained f o r  -- 0.5 m c l  i t  l i e ? ,  on t k e  (< 2 x i s  
whic:? ~llows k. t o  hccore i n f i n i t r  (n=P) .  

This e x m p l e  wr?s irlvestirclterq j n  re fe rence  
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